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A theorem is proved that is (in a sense) the best possible improvement on the 
following theme: If G is an undirected graph on n vertices in which j F(S)1 > 
)(n $ I S I + 3) for every non-empty subset S of the vertices of G, then G is 
Hamiltonian. 
The terminology used here is that of [4] throughout, r(S) denoting the set 
of vertices joined to vertices in S, and 1 H 1 the number of vertices in the 
(sub)graph H. Anderson ([l], Theorem 2) proved a result that yields (putting 
S : = V(G)\F(X)): 
PROPOSITION. If G is an undirected graph on n vertices (n even) in which 
for every S C V(G) (S # @a), then G has a l-factor. m 
‘ I r(S)l’ conditions do not seem to have been studied anything like as much 
as valency conditions, although they can clearly be applied to all the same 
problems (for which see, e.g., Bondy and Chviltal [2]). The theorem proved 
here is a strengthening of Theorem 12(a) of [4], and its precise statement is: 
THEOREM. Let G be an undirected 2-connected graph on n vertices in which 
I WI b Hn + I S I - 1) (1) 
for every S C V(G) (S # s), and in which the valency p(a) of each vertex a 
satisfies 
p(a) > i(n + 2). (2) 
Then G is Hamiltonian. 
Note that a comparatively minor change in (l), to / r(S)1 2 i(n + ] S / + l), 
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would ensure that (2) automatically held, and that a further strengthening, 
to I w9l 2 i(n + I A.7 I + 3), would ensure that G was automatically 
2-connected, giving the result stated in the abstract. Condition (1) is (in a 
sense) best possible, in view of graphs (clearly non-Hamiltonian) of the form 
(uK,~&)+(a+b- l)K,, which have n=2a+3b-1; if S=uK, 
(the ‘first’ a&), then F(S) = (a + b - 1) & , so that / r(S)1 = +(n + 1 S / - 2), 
while IF(S)1 > j&t + ) S j - 1) for any other set S. Condition (2) follows 
from (1) if n = 3k + 1; it is needed if n = 3k + 2 to eliminate the non- 
Hamiltonian graph (k + I) Kz + kK, , and if n = 3k + 3 to eliminate the 
non-Hamiltonian graph (K, u kK,) + kK, . The 2-connectedness is needed 
to eliminate graphs such as K, and K, with a vertex in common, where 
p+q=n+land&r--l<p<q<+n+2. 
We shall use the following lemma of Nash-Williams, whose proof is 
contained in the proof of Lemma 4 of [3]. (I am indebted to .I. A. Bondy for 
drawing this lemma to my attention, and thereby considerably shortening my 
original proof of the theorem.) 
LEMMA. Let G be an undirected 2-connected graph on n vertices in which 
each vertex has valency at least i(n + 2). Let C be a circuit of maximum 
length in G. Then each component of G\C is a single isolated vertex. 1 
Proof of the theorem. Let G satisfy the hypotheses of the theorem. Let 
al , a2 ,..., a, , a, be the vertices in order round a circuit C of maximum 
length in G. Suppose that G is not Hamiltonian, so that m < n. Choose a 
component of G\C, which, by the lemma, consists of a single vertex, say a. 
Let Y, := 0, and, for j > 1, define 
Xi : = T( Yjwl U {a}) 
rj := {ai E C : aim1 E Xj and alfl E Xj} 
(reducing the suffices of the ad modulo m). By Lemmas 12.2 and 12.3 of [4], 
I Y, 1 > 3 IX, I - m (j = I,2 ,... ). By (11, I -& I 3 i(n + I Yj-l I) (j = 1, %...I. 
It follows that 
I Yj I 3 n + I Yjel I - m 3 I Kel I + 1 (j = 1, 2,...). 
By induction we see that 1 Yj I bj (j = 0, I,...). In particular, I Y,,,, I > n + 1, 
which is absurd since there are only n vertices in the graph. This contradiction 
completes the proof of the theorem. 1 
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